The early Universe after inflation may have oscillations, kinations (nonoscillatory evolution of a field), topological defects, relativistic and non-relativistic particles at the same time. The Universe whose energy density is a sum of those components can be called the multi-component Universe. The components, which may have distinguishable density scalings, may decay modulated. In this paper we study generation of the curvature perturbations caused by the modulated decay in the multi-component Universe.
I. INTRODUCTION
Our focus in this paper is a late-time creation of the curvature perturbation ζ(k), which has cosmological scales beyond the horizon when it is created. The creation is possible when a mechanism works to convert existing isocurvature perturbation of that scale into the curvature perturbation. To find the creation of the curvature perturbation, we consider a modulation of decay rate Γ, which is modulated because of the isocurvature perturbation of a moduli. Generation of the cosmological perturbations begins presumably during inflation, when the vacuum fluctuations of light bosonic fields are converted to a classical perturbation, which gives the seed perturbation (i.e. the isocurvature perturbation) that is needed for the mechanism [1] . Within this general framework, one can find many proposals [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
First recall the δN formalism used to calculate ζ. To define the curvature perturbation ζ, the energy density ρ is smoothed on a super-horizon scale shorter than any scale of interest. One expects this "separate Universe hypothesis" [2] to be valid for the calculation, so that one can ensure the maximum regime of applicability of the calculation. Then the local energy continuity equation is given by ∂ρ(x, t) ∂t = − 3 a(x, t) ∂a(x, t) ∂t (ρ(x, t) + p(x, t)) ,
where t is time along a comoving thread of spacetime and a(t) is the local scale factor. During nearly exponential inflation, the vacuum fluctuation of each light scalar field φ i is converted at horizon exit to a nearly Gaussian classical perturbation with spectrum (H/2π) 2 , where the Hubble parameter is H ≡ȧ(t)/a(t). Writing the curvature perturbation ζ = δ[ln(a(x, t)/a(t 1 )] ≡ δN,
and taking t * to be an epoch during inflation after relevant scales leave the horizon, we assume N (φ 1 (x, t * ), φ 2 (x, t * ), · · · , t, t * ) so that ζ(x, t) = N i δφ i (x, t * ) + 1 2 N ij δφ i (x, t * )δφ j (x, t * ) + · · · ,
where a subscript i denotes ∂/∂φ i evaluated on the unperturbed trajectory. The δN -formalism can be applied both during and after inflation.
We consider a density component ρ σ which has a modulated decay rate Γ(ϕ). Before the decay, ρ σ is not a radiation. Since we are considering the multi-component Universe, there could be a radiation background (ρ r ) at the same time. We are not avoiding the case in which ρ σ decays when ρ r is significant.
1 Here Γ(ϕ) and ρ σ denote the decay rate and the energy density of the component σ; and Γ(ϕ) is a function of a moduli ϕ that causes "modulation". Because of the separate Universe hypothesis, the inhomogeneity is smoothed on a super-horizon scale shorter than any scale of interest. We also assume instant decay for the calculation [10] . See Fig.1 for the basic set-ups of the modulated reheating scenario and Fig.2 for the δN calculation in the separate Universe.
The source of the modulation is the moduli perturbation of an additional light field ϕ, whose potential is assumed to be negligible at the time of the decay. The "seed" perturbation δϕ is generated during the primordial inflation. At the horizon exit, we consider Gaussian perturbation δϕ * ≡ ϕ * −φ * . At the decay, we introduce the function ϕ = g(ϕ * ) and the expansion about the Gaussian perturbation δϕ ≡ g ′ δϕ * (or equivalently δϕ * = δϕ/g ′ ). The function g explains evolution after the horizon exit [17] .
2
In our scenario, the first reheating (i.e. the inflaton decay) occurs before the component ρ σ decays into radiation. 3 The decay of ρ σ may cause secondary "reheating" if it is dominating the total density at the time of the decay; the secondary reheating should be discriminated from the first reheating. In our scenario, "secondary reheating" is possible if ρ σ > ρ r at the time when ρ σ decays. Here ρ r is the radiation remnant of the first reheating, which may decrease faster than ρ σ . Therefore, "normal modulated reheating" occurs when ρ σ /(ρ σ + ρ r ) = 1, while 0.5 < ρ σ /(ρ σ + ρ r ) < 1 gives "near-normal modulated reheating". Finally, ρ σ /(ρ σ + ρ r ) ≤ 0.5 is a modulated decay, which may not be called "reheating". In any case, "reheating" due to ρ σ must be distinguished from the conventional reheating.
For the first example, we consider the simplest twocomponent Universe, in which there are ρ σ ∝ a −3 (matter) and ρ r ∝ a −4 (radiation) before the decay. The model is similar to the typical curvaton model, although we are considering the opposite limit in which the curvaton mechanism is less significant than the modulation.
Later in this paper we are going to extend our analytic calculation to the components that may "not" scale like matter [14] [15] [16] ; typical examples are the cosmological defects or the oscillatory (could be caused by non-quadratic potentials)/ nonoscillatory evolutions [15] .
FIG. 2:
In the left picture we show the densities and their scalings in the modulated Universe. The right picture shows the unmodulated (reference) Universe in which the decay occurs at H = Γ0. In those pictures we are considering perturbations whose length scales are far beyond the horizon size at the time of the decay. Due to the separate Universe hypothesis, the inhomogeneity of Γ is not explicit in those pictures. Note that in the right picture ρ σ,Γ, m is the radiation created by the decay of ρσ. Because of the different ρσ-scalings after Γ0, one will find δN (δN ≡ Nm −N m ) and the difference in the densities at H = Γ (ρi,Γ,m = ρ i,Γ, m ).
II. MODULATED DECAY IN THE SIMPLE MULTI-COMPONENT UNIVERSE
First we consider the simplest (matter + radiation) multi-component Universe. In the curvaton mechanism [6] the significant contribution comes from the evolution before the decay; while the modulated decay [10] describes the generation of the curvature perturbations at the decay [11, 12] . In the curvaton mechanism, the source of the perturbation is δσ (δρ σ ), while the modulated decay uses δϕ (δΓ).
For our analytic calculation, we consider instant-decay approximation [10] . However, the actual transition could be more complicated depending on the details of the model parameters. For the modulated reheating scenario, the idea of the continual decay has been considered by many authors [18, 19] .
In our model, the uniform density hypersurface that is defined at the decay is given by
where the instant decay occurs at H = Γ. More specifically, in the modulated Universe (see the left picture in Fig.2 ) we have
and in the reference Universe (see the right picture in Fig.2 ) the decay occurs at H = Γ 0 and we have at H = Γ;
where ρ σ,Γ, m denotes the radiation created by ρ σ . In both (modulated and unmodulated) Universe, we define the uniform density hypersurface at H = Γ 0 as
Without loss of generality, one may choose Γ < Γ 0 for the calculation.
Using the density scalings, we find in the modulated Universe
which lead to
Defining "N m " in the modulated Universe as
where the subscripts Γ and Γ 0 denote the hypersurfaces H = Γ and H = Γ 0 , one can rewrite Eq. (9) as
where the coefficient is defined by
In order to compare N m with the unmodulated Universe, we find a similar equation in the unmodulated Universe,
If one needs to understand the relation between the modulated decay and the curvaton mechanism, the curvaton density perturbation δρ σ must be included at H = Γ 0 . Here we consider non-linear formalism of Ref. [20, 21] . 4 We find that the component perturbations are defined as
where ρ σ,0 and ρ r,0 are defined at H = Γ 0 , andρ i denotes their mean value.ρ i does not define a new quantity, but is just introduced to define the integral. Here δN ini denotes the curvature perturbation before the curvaton mechanism, which is usually neglected in the conventional curvaton calculation. Finally, the non-linear formalism gives
which leads to
Using the above equation, we find from Eq. (11) and (13);
where the coefficient is defined bȳ
A. First order
If a function G is perturbed, one can expand
Therefore, from Eq. (19), we find at first order 2 δΓ
2 δΓ (24) where the curvaton mechanism 5 between H = Γ 0 and H = Γ vanishes at this order, because we have a trivial relation
Solving the above equations, we find
where the coefficients are defined by
Using the above equations, we find the relation
We have to calculate N m since δN measures the deviation from the reference Universe. Therefore, the curvature perturbation created by the modulation (δN
where other terms cancel by definition. 5 See also the appendix to understand the definition of "curvaton mechanism" used above. 6 From Eq.(27), we find
Therefore we have the relation
From Eq. (14) and (15), we find
Now we consider the perturbation of Γ with respect to the modulation. Expanding ϕ d ≡ g(ϕ * ), which defines ϕ at the decay, we find [23] 
where δϕ ≡ g ′ δϕ * . In that way the first order perturbation of the decay rate is calculated as
In the practical calculation δΓ m and δΓ m are identical. We thus find
where
m . In the single-component limit (p σ = 2/3), we find
which reproduces the calculation in Ref. [10] . It is obvious that g is trivial in the slow-roll limit; however for more practical estimation one might have to calculate the function g, which can depend on the details of the model and the cosmological evolutions.
B. Second order
Generically, one can expand
which give (at first order)
Therefore, we find that the terms rσ − 3 4 fσ (ζσ − N ini ) and (fσ − rσ) (ζr − N ini ) cancels because of the relation
Here the last line is obtained using δρσ + δρr = δρtot ≡ 0.
where δϕ (1) is a Gaussian random field. In the same way, the primordial perturbation can be expanded as
where ζ (1) is Gaussian. Non-linearity parameters are defined for the adiabatic perturbation ζ;
Using the Gaussian quantum fluctuations at the horizon exit (δϕ * ), we can write [23] 
which is exact by definition. Again, we write
and expand it as [23] 
where we wrote g (k) ≡ ∂ k g/∂ϕ k * .
Decay rates
Before discussing non-Gaussianity of the second order perturbations, we consider the expansion of the decay rate for some specific examples.
• Our first example is
Then, one can expand
We thus find for the expansion Γ = Γ 0 + δΓ
An interesting case would be g < ∼ M * , where the initial condition is comparable but less than the cut-off scale. In that case one can find significant f N L in the conceivable range. Moreover, it is possible to find negative contribution from
The flip of the sign is very important.
• Second, we consider Γ ∝ ϕ n . The specific form becomes
Then, Γ can be expanded as
Let us summarize the results. Defining
we find
and
where "A" is determined by Γ(ϕ) and g. The above results are considered when we estimate the non-Gaussianity parameter f N L .
fNL
In order to extract the contributions from the modulation, we are going to assume ζ σ ≃ ζ r ≃ 0. We also assume δN ini ≃ 0 for simplicity.
Then, one can easily expand Eq.(19) to find the second order perturbations. The expansions used here are
We find for the second order perturbations
Using the relations between the first order perturbations;
and the definition (56), we find
We thus find
where the last term depends on A. In the singlecomponent limit (f σ → 1 and p σ → 2/3), we find a simple formula
Note that the A-independent contribution f N L = 5 in the "normal reheating limit" is showing an interesting result. Note also that Γ ∝ ϕ 3 gives A ∼ 1 when g is trivial and it lead to the cancellation (f N L ≃ 0).
In the opposite limit,f σ → 0 leads to p σ → 1/2. In that limit we find
(67)
III. HIGHER POTENTIAL OR TOPOLOGICAL DEFECTS
For the scalar potential of the form V (σ) ∝ σ n , the energy density of the scalar-field oscillations decreases as ρ σ ∝ a −6n n+2 when the oscillations are rapid compared with the expansion rate [24] . Alternatively, one may choose topological defects for the decaying component, which may scale like ρ σ ∝ a k . NO (Non Oscillatory) motion can lead to a different density scaling [15] . Here the scaling is approximately defined at the time of the decay; there is no need to find exact scale-dependence that is valid during the whole evolution. This point might be crucial for the practical investigation.
For our purpose, we consider the component that scales like ρ σ ∝ a −(4+ǫn) . Here ǫ n = −1 corresponds to the sinusoidal oscillation for the quadratic potential, whose energy density scales like ρ σ ∝ a −3 . Note that ǫ n ≥ 0 is not excluded in our calculation; we will show that this may change the sign of f N L .
In order to include the isocurvature perturbation at H = Γ 0 , we consider the component perturbations defined by
Then we find
For our calculation, we will neglect ζ σ , ζ r and δN ini .
A. First order
From Eq.(70), we find at first order 2 δΓ
Therefore, the curvature perturbation created by the modulation is given by
Obviously, generation of the curvature perturbation is possible when ǫ n = 0 (i.e. when two components (ρ σ and ρ r ) are distinguishable in their scaling relations).
B. fNL
Again, we find for the second order perturbations
Using the relations
where the last term gives the A-dependent contribution. The single-component limit is given byf σ → 1 and p σ → 2/(4 + ǫ n ), where one may find significant nonGaussianity;
which shows that the sign of the first term (Aindependent contribution) is determined by ǫ n . We find positive sign for ǫ n < 0, while it goes negative when ǫ n > 0. Interestingly, neither Γ(ϕ) nor g(ϕ) are responsible for the first term f N L ∝ −1/ǫ n , which may become large even though ρ σ is dominating the Universe. In the opposite limit,f σ → 0 and p σ → 1/2, we find
as expected.
IV. PARTIAL DECAY
More practically, there could be a moment when a fraction of the matter component decays modulated and the decaying component does not have significant interaction with the remaining (matter) components. This could be realized when the non-relativistic matter contains particles that belong to the hidden sector.
For the multi-component Universe that contains both matter (ρ σ and ρ ∆ ) and radiation (ρ r ), the uniform density hypersurfaces defined for the partial decay is given by
where ρ σ,Γ , ρ ∆,Γ and ρ r,Γ are the energy densities of the components at H = Γ (Γ is the decay rate of the component ρ ∆ ). Ignoring component perturbations (ζ i ≃ 0) and the initial perturbation (δN ini ≃ 0), we find
where the coefficients are defined bȳ
As before, the subscript "0" is used to define the quantities at H = Γ 0 .
A. First order
We find at first order 2 δΓ
(1)
2 δΓ
Therefore, the curvature perturbation created by the modulation is
where the last approximation is valid when r ∆ ≪ 1. Here the coefficient is defined by
B. Second order
V. CONCLUSION AND DISCUSSION
The early Universe after inflation may have many components labeled by the density ρ i and each component may have distinguishable scaling relation ρ i ∝ a ki . They could be oscillations, topological defects, relativistic and non-relativistic particles. If those components are decaying into radiation in the end, there could be a generation of the curvature perturbation. In this paper, the mechanism of the modulated decay has been considered for the multi-component Universe. The conventional "modulated reheating" scenario is realized in the single-component Universe.
In this paper we found the basic formulation, which is useful in calculating modulated decays in the multicomponent Universe. We have found useful results, in which the non-Gaussianity parameter is separated into A-dependent and A-independent terms. Here A is determined by the form of Γ(ϕ) and the evolution function g(ϕ * ). Interestingly, f N L may appear with either positive or negative signs. We found that the component, whose scaling is similar to the radiation (k i ∼ −4), will generate significant non-Gaussianity in the single-component (conventional reheating) limit. In that way, the conventional modulated reheating caused by the oscillation may crucially depend on the amplitude at the decay. For instance, consider the potential for the oscillations given by
If the oscillations decay when ϕ 6 is dominant, one will find f N L < 0. If the oscillations decay when ϕ 4 is dominant, one will find |f N L | ≫ 1, where the sign could be either positive or negative. The scaling of the density changes during the oscillations. One will find conventional result when the quadratic term is dominating. In the intermediate region one may find the density scaling ρ σ ∝ a −kσ , where (effectively) 3 ≤ k σ ≤ 6 is possible. As the result, in the practical calculation the curvature perturbation and the non-Gaussianity may depend crucially on the amplitude of the oscillations, even if the decay occurs in the single-component Universe. Note added: While finalizing this paper, we found a couple of papers [25] which has some overlaps with our models. In the appendix we are discussing the correspondences between these works.
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They also defined
which gives the correspondence
Finally, they have defined the post-decay curvature perturbation
which corresponds to
In our calculation the curvature perturbation generated by the modulated decay is given by
Therefore, the correspondence is obvious between our calculation and Ref. [25] . In finding the curvaton contribution they evaluated
where the first and the last terms are originally given by ζ r + r 3 S = rζ σ + (1 − r)ζ r ≡ δN ini ,
where δN ini is defined previously in this paper. If the curvaton hypothesis is valid and the component perturbations are constant, one may evaluate the component perturbation at H = H osc as
where δN inf denotes the curvature perturbation just at the beginning of the oscillation. Substituting the component perturbations (defined at H osc ) into the above equation (A28), one will find ζ r + r 3 S = rζ σ (t osc ) + (1 − r)ζ r (t osc ) = δN inf + r 3 ln ρ σ (t osc ) ρ σ (t osc ) + 1 − r 4 ln ρ r (t osc ) ρ r (t osc ) .
Although a deformation is needed, it is easy to find that the result is consistent with Eq.(A13).
Using the above formula, they started perturbation with regard to the perturbation of S. For instance, Langlois and Takahashi considered for the "curvaton perturbation"
and for the "inflaton perturbation"
These definitions are based on the usual curvaton hypothesis (i.e, valid when one can disregard δρ r /ρ r ).
